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ABSTRACT. In this paper we introduce the very true operators on pseudo-BCK algebras and 
we study their properties. We prove that the composition of two very true operators is a very 
true operator if and only if they commute. Moreover, given a very true bounded pseudo-BCK 
algebra (A, v), we define the pseudo-BCKyxt,s¢ algebra by adding two truth-depressing hedges 
operators associated with v. We also define the very true deductive systems and the very 
true homomorphisms and we investigate their properties. Also, given a normal v-deductive 
system of a very true pseudo-BCK algebra (A,v) we construct a very true operator on the 
quotient pseudo-BCK algebra A/H. We investigate the very true operators on some classes 
of pseudo-BCK algebras such as pseudo-BCK(pP) algebras, FL.,-algebras, pseudo-MTL al- 
gebras. Finally, we define the @-Smarandache pseudo-BCK algebras and we introduce the 
notion of a very true operator on Q-Smarandache pseudo-BCK algebras. 
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1. INTRODUCTION 


Zadeh was the first to consider the importance of fuzzy truth values as ”very true”, ” quite 
true”, etc., that are in fact fuzzy subsets of all truth degrees (usually, the real interval [0, 1]). 
He was interested in methods of handling these fuzzy truth values, but without considering 
any sort of axiomatization. However, an interesting logic problem will be to study if any 
axiomatization is possible and which methods of mathematical logic could be developed to 
treat this kind of fuzzy logic. Hajek introduced in a complete axiomatization of a logic 
which extends BL-logic by a unary connective ”vt” which can be interpreted as ”very true”. 
Such a connective is a subdiagonal and monotone operator defined on the set of truth degrees. 
Subdiagonality ”v(x) < x” for each truth degree x means that each interpretation v of vt is 
truth-stressing. The concept of very true operator defined by Hajek is in fact the same as the 
concept of hedge introduced by Zadeh in and (see also [3]) and it is a tool for reducing 
the number of possible logical values in multiple-valued fuzzy logic. This tool was used by 
Bélohlavek and Vychodil for reducing the size of fuzzy concept lattices ({I]). In this context 
we mention that an axiomatization of connectives ”slightly” and ” more or less true” extending 
the propositional BL-logic have been defined by Vychodil in as a superdiagonal and mono- 
tone truth operator called ” truth-depressing hedge”. A weaker axiomatization over any core 
fuzzy logic for both the truth-stressing and truth-depressing connectives, including standard 

1 


VERY TRUE PSEUDO-BCK ALGEBRAS 2 


completeness results was presented in [8]. Recently, in two axiomatizations were intro- 
duced over any propositional core fuzzy logic for multiple truth-stressing and truth-depressing 
hedges. The notion of a very true operator was extended to other fuzzy logic algebras such as 
MV-algebras ({I7]), effect algebras ([4]), R@-monoids ([21]), MTL-algebras ((28]), residuated 
lattices ({18],[19]) and equality algebras ((29}). 


In this paper we introduce the very true operators on pseudo-BCK algebras and we study 
their properties. We prove that the composition of two very true operators is a very true 
operator if and only if they commute. It is proved that, if two very true operators have the 
same image, then the two operators coincide. For a very true bounded pseudo-BCK algebra 
(A, v), we define the pseudo-BCKyz,s¢ algebra by adding two truth-depressing hedges operators 
associated with v. Given a very true operator on a good pseudo-BCK algebra A satisfying 
Glivenko property we define very true operators on Reg (A) and A/Den (A). It is also proved 
that the composition of a pseudo-valuation with a very true operator is a pseudo-valuation 
as well. We define the very true deductive systems of a very true pseudo-BCK algebra (A, v) 
and we prove that the congruences of (A,v) coincide with the congruences of A. We also 
introduce the notion of a very true homomorphism and we investigate their properties. Given 
a normal v-deductive system of a very true pseudo-BCK algebra (A, v) we construct a very true 
operator on the quotient pseudo-BCK algebra A/H. We investigate the very true operators 
on some classes of pseudo-BCK algebras such as pseudo-BCK(pP) algebras, FL -algebras, 
pseudo-MTL algebras. We define the Q-Smarandache pseudo-BCK algebras and we introduce 
the notion of a very true operator on @-Smarandache pseudo-BCK algebras. Given a Q- 
Smarandache pseudo-BCK algebra A and a very true operator v on A, we prove that the 
restriction of v to Q is a very true operator on Q. Additionally we define and investigate 
the interior operators on pseudo-BCK algebras. For any interior operator on a good pseudo- 
BCK algebra A satisfying Glivenko property we construct interior operators on Reg (A) and 
A/Den (A). 


2. PRELIMINARIES 


Pseudo-BCK algebras were introduced by G. Georgescu and A. Iorgulescu in as algebras 
with ”two differences”, a left- and right-difference, and with a constant element 0 as the least 
element. Nowadays pseudo-BCK algebras are used in a dual form, with two implications, > 
and ~» and with one constant element 1, that is the greatest element. Thus such pseudo-BCK 
algebras are in the ”negative cone” and are also called ”left-ones”. Pseudo-BCK algebras 
were intensively studied in [12], [15], [14], [6]. In this section we recall some basic notions and 
results regarding pseudo-BCK algebras. 


Definition 2.1. ({10]) A pseudo-BCK algebra (more precisely, reversed left-pseudo-BCK 
algebra) is a structure A= (A,<,—,~»,1) where < is a binary relation on A, + and ~ are 
binary operations on A and 1 is an element of A satisfying, for all x,y,z © A, the axioms: 
(psBCKi) to y<(yo2un(arz), tmy<(yrwz) 3 (t~ 2); 
(psBCKg)a<(tx7>y)~y, r<(e~y)ry; 

(psBCKs) x < 2 

(psBCK4) « <1; 
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(psBCKs) ifxu<y andy <1, thenz =y; 
(psBCKe) x <y iffeay=1iffe~y=l. 


A pseudo-BCK algebra is said to be proper if it is not a BCK-algebra. 
In a pseudo-BCK algebra (A, >, ~~, 1), one can define a binary relation “<” by 
e<yifeoy=1iffa~ y=1, forall z,y€ A. 
If (A, +,~»,1) is a pseudo-BCK algebra satisfying x > y = x ~» y, for all x,y € A, then it is 
a BCK-algebra. 
If there is an element 0 of a pseudo-BCK algebra (A,—,~»,1), such that 0 < « (ie. 0 > 
x=0~ a2 =1), for all x € A, then the pseudo-BCK algebra is said to be bounded and it is 
denoted by (A,—>,~»,0,1). In a bounded pseudo-BCK algebra (A, >, ~»,0,1) we define two 
negations: 
ge:=2 50,27 :=2~0, 
for all x € A. Obviously a~~ =2V,0 and 2~~ =2V20. 
If (A, >, ~»,0,1) is a bounded pseudo-BCK algebra we denote: 
Reg (A) = {x € A|a-~ =2~" =z}, the set of all regular elements of A, 
Den (A) = {x € A|a-~ =2~~ = 1}, the set of all dense elements of A. 
If Reg (A) = A, then A is said to be involutive. If a bounded pseudo-BCK algebra A satisfies 
x-~ = a~~ for all x € A, then A is called a good pseudo-BCK algebra. 
Obviously, if A is involutive, then A is good and Den (A) = {1}. 
We will refer to (A, >, ~»,1) by its universe A. 


Lemma 2.2. ({10|) Let (A,-,~»,1) be a pseudo-BCK algebra. Then the following hold for 
all x,y,z € A: 

(1) > (yz) =y~ (2 > 2); 

(2) x<y implies y>z<a4>2z andywz<a~z; 

(3) c<y implies z>u<z>yandz~ar<z~y; 

(4)r > y<(e72) 39 (zy) andrwy< (era (zr y). 

Proposition 2.3. ({10]) Let (A,>,~,0,1) be a bounded pseudo-BCK algebra. Then the 


following hold for allz,yEA: 
lites oa 


(2)ea 3 y~=yrn andrwy =yror’; 

(3) a ay =y we anda ~~ yw =y~ or”; 

Qezypumpley <a, ace "sy" onde ay 

Oe =e" mis Ses 

(6)rx>y ~=y we =a oy anda~w yy =y~ Oa Ha wy; 
(7) toy =eywn =n oy andimy =y Oa =n wy; 
(8) (@ a y™)* =asty™ and (gmy~)~ say; 

(9 rx>oy<y wax andrwy<y~ 2”. 


Remark 2.4. Pseudo BCK-logic was defined by J. Kiihr ({15) Definition 1.3.1]). Formulas of 
pseudo BCK-logic are built from propositional variables and the primitive connectives + and 
~». The axioms are the following formulas: 

(Bi) (p 34) + (HY >) ~ (p> 8), 

(Bo) (p> ¥) + (Y~ Vv) > (p~ 9), 

(Ci) YAY %)) > W~ Yr )), 
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(C2) (9p (> 9) 9 > (p~ 9), 


he inference rules are the following: 
MP) east i.e. from y and y > w we infer 7, 
IMP,) ie i.e. from y > w we infer y ~» wy, 


(IM P2) Tt i.e. from yp ~» wW we infer y > w. 


Example 2.5. ({2]) Consider the set A = {a,b,c,1} and the operations +,~» given by the 
following tables: 


Then (A, ,~»,1) is a bounded pseudo-BCK algebra. 


Example 2.6. ({5]) Consider the structure (A,—,~»,1), where the operations + and ~ on 
A = {1,a,b,c,d,e} are defined as follows: 


b e€ l 
1/1 a6ede 
allidiid c d 
bill e111 .e F 
e|/l adtida a b 
d/l ecb el 6b 
e/l iif ii e 

Then (A, ,~»,e,1) is an involutive pseudo-BCK algebra. 


Definition 2.7. A good pseudo-BCK algebra A has the Glivenko properties if it satisfies the 
following conditions for alla,y€ A: 
(cy) Y =a2>y 


~N ~N 


and (~~ y)~ =a~ny™. 


Remark 2.8. Let A,>,~»,0,1) a good pseudo-BCK algebra satisfying Glivenko property. 
(1) Applying Proposition [2.3[(6) we get: 
(x > y)~ 


~N ~N ~N 


=x ~>y~and(amy) VY =n Yury”, 
for all x,y € A. 

(2) (Reg (A), >, ~»,0,1) is a subalgebra of A. 

(3) Den (A) € DS, (A). 


Obviously any involutive pseudo-BCK algebra has the Glivenko property. 
A subset D of a pseudo-BCK algebra A is called a deductive system of A if it satisfies the 
following axioms: 
(ds) le D, 
(dso) c€ Dandx > y€ D imply ye D. 
A subset D of A is a deductive system if and only if it satisfies (ds;) and the axiom: 
(dsh) c€ Danda~ y € D imply ye D. 
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Denote by DS(A) the set of all deductive systems of A. 

A deductive system D of A is proper if D # A. 

A deductive system D of a pseudo-BCK algebra A is said to be normal if it satisfies the 
condition: 

(ds3) for allaz,ye A,r aye DiffanyeD. 

Denote by DS,,(A) the set of all normal deductive systems of A. 

For details regarding deductive systems and congruence relations on a pseudo-BCK algebra 
we refer the reader to [15]. Denote by CON(A) the set of all congruences on A. 

If 6 € CON (A), then Hyg = {x € A | (x, 1) € 0} € DS, (A). 

Given H € DS,(A), the relation Oy on A defined by (z,y) € Oy iff e > y © A and 
y — x © H is a congruence on A. We write x/H = [z]o, for every x € A and we have 
H = |lJo,,. Then (A/Oxv,-, ~, [l]o,,) is a pseudo-BCK algebra called quotient pseudo-BCK 
algebra via H and denoted by A/H. 

The function my : A —> A/H defined by my(x) = x/H for any x € A is a surjective homo- 
morphism which is called the canonical projection from A to A/H. 

One can easily prove that Ker (7) = H. 

Let A,B be two pseudo-BCK algebras. A map f : A —> B is called a pseudo-BCK homo- 
manera if f(c > y) = f(x) > f(y) and f(z ~ y) = f(x) ~» f(y), for all czy € A. 

(We use the same notations for the operations in both pseudo-BCK algebras, but the reader 
must be aware that they are different). 

If B = A, then f is called a pseudo-BCK endomorphism. 

Denote HOM (A, B) the sets of all pseudo-BCK homomorphisms from A to B. 

One can easily check that, if f is a pseudo-BCK homomorphism, then: 

(1) f(1) =1; (2) # <y implies f(x) < f(y). 

If f is a bounded pseudo-BCK homomorphism such that f(0) = 0, then the following hold: 
(3) f(z) = F(z)"; (4) f(e™) = fe)”. 


A pseudo-BCK algebra with the (pP) condition (i.e. with the pseudo-product condition) or 
a pseudo-BCK(pP) algebra for short, is a pseudo-BCK algebra (A, <,—,~»,1) satisfying the 
(pP) condition: 
(pP) For all z,y € A, x © y exists where 
rOQy=min{z|¢<y>z}=min{z|y<a~ z}. 
Any involutive pseudo-BCK algebra is a bounded pseudo-BCK(pP) algebra ({12]). 
A residuated lattice is an algebra (A, A,V,©,—,~», 1) satisfying the following axioms: 
(rl) (A, A ,V) is a lattice; 
(rlg) (A, ©,1) is a monoid; 
(rls) x © y<zife<yorziffy<axa~ =z, for all x,y,z € A (pseudo-residuation). 
A bounded residuated lattice (A, A, V,©,—,~,0,1) is called an FL,,-algebra or bounded in- 
tegral residuated lattice. Bounded pseudo-BCK(pP) lattices are categorically isomorphic with 
FL »-algebras. A FL,-algebra (A, A, V,©,—>,~», 0,1) satisfying the pseudo-prelinearity condi- 
tion: 
(@oy)Vyoz)=(e~yVyr~s)=1, 
for all x,y € is called a pseudo-MTL algebra. 
A FLy-algebra (A, A, V,©,—>,~»,0,1) satisfying the pseudo-divisibility condition: 
(tr > y)Or=rO(emy)=aAy, 
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for all x,y € is called a bounded Ré-monoid or a divisible residuated lattice. 
Ifa FL,,-algebra (A, A, V,©, >, ~», 0, 1) satisfies the pseudo-prelinearity and pseudo-divisibility 
conditions, then it is called a pseudo-BL algebra. An involutive pseudo-BL algebra is a pseudo- 
MV algebra ({12]). A FL,,-algebra A is a pseudo-MV algebra if and only if it satisfies the 
identities: 

aVy=(@>y)my=(en~y)ry, 
for all x,y € A ([9]). 


Lemma 2.9. ({6]) In any pseudo-BCK(pP) (A,©,—,~»,1) the following hold, for all x,y,z € 
A: 


(1) zOy<z,y; 

(2) a> y< (Oz) > (yOz) <a@ F(z y) anda y< (202) ~ (zOy) < aw (ery). 
If A is a FLy-algebra, then: 

(3) (t# > y)Or<aAy and (t@O(enry)<zrAy; 

(4) («@ 3 z)A(yoz)=(a£Vy) 92 and (am z)Ayrwz)=(aVy)~ 2; 
(5)tVy<((@>y)~y)A(y>u)~2z)) andzvy< (ey) >y)A((y 2) > 2)). 


3. INTERIOR OPERATORS ON PSEUDO-BCK ALGEBRAS 


Interior operators were defined and studied for R¢-monoids and residuated lattices in [22], 
and [23]. We define and investigate the interior operators on pseudo-BCK algebras. The 
main results proved in this section are similar to the results proved in for the case of 
closure operators on ordered sets. For any interior operator on a good pseudo-BCK algebra 
A satisfying Glivenko property we define interior operators on Reg (A) and A/Den (A). 


Definition 3.1. Let A be a pseudo-BCK algebra. A mapping p : A —> A is called an interior 
operator on A if it satisfies the following conditions for allx,yE A: 


(101) 9(x) < a; (decreasing) 
(102) x < y implies p(x) < y(y); (monotone) 
(103) yy(x) = 9(2). (idempotent) 


Denote ZN T O(A) the set of all interior operators on A. 


Remark 3.2. If condition (IO) is replaced by condition x < v(x) (increasing), then v is called 
a closure operator. Denote CLO(A) the set of all closure operators on A. 


Proposition 3.3. Let A be a pseudo-BCK algebra and let p,w € TINTO(A). Then vp < w if 

and only if pw = yp. 

Proof. Let y,w € INTO(A). 

Suppose that y < w and let x € A. We have y(z) = yy(xr) < yi(x). Moreover yi(x) < 

yp(x) = (x) < a, hence ppy(x) < v(x), that is pp(x) < v(x). Thus yy = ¢. 

Conversely, assume that yw = y, hence v(x) = yu(x) < (x), for all x € A, that is py < vy. 
~ 


Theorem 3.4. Let A be a pseudo-BCK algebra and let p,wW € INT O(A). The following are 
equivalent: 


(a) pp = vy; 
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(6) pp, dp © INTO(A); 
(c) pdpy = yy and povy = pe. 


Proof. Let p,w € INTO(A). 
(a) = (b) Suppose that yy = wy. For all x,y € A, we have: 
(1) pble < P(e) <2. 
(2) poey(x) = veyp(x) = vpy(x) = py(a). 
(3) « < y implies (x) < ¥(y), so py(x) < ply). 
It follows that yw satisfies ([O,), (IO2), ([03), hence pw € INT O(A). 
Similarly pp € INT O(A). 
(b) = (c) Assume that yy,wyp € TNTO(A). Then we have ywypy < yw, and applying 
Proposition B.3] we get pwyw = yy. Similarly pypy = Wy. 
(c) = (a) Since pdyw = yw and vevy = vy, then we have: 
yp(x) = pbey(z) < Yyy(x) < vy(z), 
pe(z) = vpvy(z) < pyy(z) < pY(z), 
for all x € A. Hence pw = wy. 


For any y € TNT O(A), denote by Fix (y) = {x € A| y(x) =z}. 


Theorem 3.5. Let A be a pseudo-BCK algebra and let p,w € ITNTO(A). If Fix(y) = 
Fix (w), then p= v. 


Proof. Since py(x) = v(x), we have v(x) € Fix (y) = Fix (y), that is ~y(x) = y(z), for all 
x€A. Hence vy =y. Similarly yy = wv. 

From v(x) < x and ¥(x) < x we get v(x) = py(x) < P(x) and Y(z) = pY(z) < vz), 
respectively. Hence v(x) = (2x), for all x € A, that is yp = y. 


Proposition 3.6. Let (A,>,~,0,1) be a pseudo-BCK algebra and let p € INT O(A). Then 
the following hold for alla,y€ A: 

(1) > vy) < v(x) > y and x ~ ly) < p(x) » y; 

(2) v(x > y) < p(x) > y and (x ~» y) < v(x) » y. 

If A is bounded, then: 

(3) (0) = 0; 

(4) p(x) < v(x)” and y(2™) < y(z)~; 

O) te oa \" aide a oe): 

(6) pa ay) <y ~~ a and play) Sy~ > =”. 


Proof. (1) From v(x) < 2, by Lemma[2.2(2) we have x > y(y) < v(x) > y(y). 

On the other hand, from y(y) < y by Lemma[2.2/3) we get (x) > y(y) < v(x) > y. 
Hence x > y(y) < v(x) > y and similarly x ~» y(y) < p(x) ~ y. 

(2) Since p(x > y) < > y and (az) < z, by Lemmal2.2(2) we get p(x > y) <tr> y< 
p(x) > y. Similarly p(x ~» y) < v(x) ~ y. 

(3) By (01), p(0) < 0, hence y(0) = 0. 

(4) It follows from (2) for y := 0. 

(5) From (a) < 2, o(@™) < @™ we pet e@ < a2” < ole)” and @ < 2 < ole)" 
respectively. 

(6) It follows applying (1O,) and (psBC Kk) for z := 0. 
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Proposition 3.7. Let (A,—>,~»,0,1) be a good pseudo-BCK algebra satisfying Glivenko prop- 
erty and let p € ITNTO(A). Define @ : Reg(A) —> Reg(A), by G(x) = y(a)~~. Then 
~p € INT O(Reg (A)). 

Proof. Let x € Reg (A). Since v(x) < a, then (x) = y(x)-~ < «-~ =, hence ¢ satisfies 
(10;). If x,y € Reg (A) such that x < y, then g(x) < y(y) and y(x)-~ < y(y)-~. Thus 
P(x) < P(y), that is (TO). Finally, for all  € A, G(x) = P(y(x)~~) = (Y(a)-~)-* = 
y(x)~~ = G(x), hence ([O3) is satisfied. We conclude that ~ € TNT O(Reg (A)). 
Proposition 3.8. Let (A,—>,~»,0,1) be a good pseudo-BCK algebra satisfying Glivenko prop- 
erty and let p € INTO(A). Define ¢ : A/Den(A) —> A/Den(A), by O([2]pen(ay) = 
[y(@)]Den (A): Then 6 € INTO(A/Den (A)). 


Proof. We show that ¢ is well defined. Applying Glivenko property we can see that [2]pen(a) = 
[z~~]Den (a) and [2]pen (4) = [Y]Den (a) iff e~~ = y~~. Indeed: 
[t]Den (A) = [ylDen (A) ft yy +2 € Den (A) 
if («& > y)"~ =(yoan)~=1 
ifa Voy V=yroar V=1 
iffa—~ <y-~ andy"~ <a ifa-~ =y™. 
If x,y € A such that [z]pen (4) = [ylDen(a), We have: 
Y([Z]Den (A)) = P([Z~~|Den (4)) = [(@~~) Den (4) = [9(Y~™) Den (4) 
= $([y~~]Den (A)) = ¥([y]Den (A))s 


hence ¢ is well defined. 

Let c € A. From p(x) < @ we get [p(2)]Den (A) < [7] Den (A)» 80 P([z]Den (A)) = [7] Den (A)> thus 
(Oj) is verified. For any x,y € A such that + < y we have v(x) < y(y), so [~(@)]Den(a) < 
[y(y)]Den (A)]- It follows that ¢([]pen(4y) < A([ylDen (ay), hence ¢ satisfies ([O2). Let z € A, 
so yy(x) = (x) and [yy(xr)|pen(a) = [(£)|Den(a)- Thus $¢([2]pen(4)) = O([t]Den(A)), $0 
([O3) is satisfied. Hence 6 € TNT O(A/Den (A)). 
Example 3.9. Let (A,—,~»,1) be the pseudo-BCK algebra from Example [2.5] and the maps 
y,: A—> A,i=1,--- ,8, given in the table below: 


Qa rr RP RHR] RFR 
a) 

OA Tre o ero s|o 
aoe 8@aas Slo 


Then INT O(A) = {¢1,--- , Ys}. 


4. VERY TRUE PSEUDO-BCK ALGEBRAS 


In this section we introduce the very true operators on pseudo-BCK algebras and we study 
their properties. We prove that the composition of two very true operators is a very true 
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operator if and only if they commute. It is proved that, if two very true operators have the 
same image, then the two operators coincide. For a very true bounded pseudo-BCK algebra 
(A, v), we define the pseudo-BCK,,,.¢ algebra by adding two truth-depressing hedges operators 
associated with v. Given a very true operator on a good pseudo-BCK algebra A satisfying 
Glivenko property we define very true operators on Reg(A) and A/Den(A). Finally, it is 
proved that the composition of a pseudo-valuation with a very true operator is a pseudo- 
valuation as well. 


Definition 4.1. Let A be a pseudo-BCK algebra. A mapping v : A —> A is called a very 
true operator on A if it satisfies the following conditions for allz,yE A: 

(V7) v(1) = 1; 

(VT2) v(x) < 2; 

(VT3) v(x) < vv(x); 

(VT4) u(z + y) < v(x) > v(y) and v(x ~ y) < v(x) » v(y). 

The pair (A,v) is called a very true pseudo-BCK algebra. 


Denote V7 O(A) the set of all very true operators on A. 
For v € VT O(A), Ker (v) = {a € A | v(x) = 1} is called the kernel of v. 


Remark 4.2. Axiom (VT) means that absolutely true is very true, while (V7>) means that if 
y is very true then it is true. (VT3) says that very true of very true is very true, which is a 
kind of necessitation with respect to very true connective. (V7T4) means that if y, p > w and 
y ~ w are very true then so is y (see the comments from [11], [28], [29]). 


Example 4.3. The two boundary cases of truth-stressing hedges are the following: 
(1) Identity: Id4 € VT O(A) for any pseudo-BCK algebra. 
(2) Globalization (\26|): If A is a bounded pseudo-BCK algebra and v : A —>+ A is defined by 


a) -{ ) ife=] 
ae aie a eae 


then v € VTO(A). Globalization can be seen as an interpretation of a connective ”abso- 


lutely/fully true” ((18}, [19] ). 


Proposition 4.4. Let (A,v) be a very true pseudo-BCK algebra. Then the following hold for 
alla,yEeA: 
(L) oe) af and only af ae =— 1 
) a <y implies v(x) < v(y); 
) vo(x) = v(x); 
) v(x) <y if and only if v(x) < v(y); 
) Im (v) = Fix (v); 
) if v is surjective, then v = Ida; 
) Ker (wv) = {1}; 
(v) € DS(A). 
Proof. (1) Suppose that there exists x € A such that v(x) = 1. Then by (V7), 1 = v(x) < a, 
that is x = 1. Conversely, by (VT1), v(1) = 1. 
(2) Let z,yE€ A, ux <y, thatiser ~>y=ax~y=1. Applying (VT) we have 1 = v(1) = 
u(x > y) < v(x) > v(y), hence v(x) > v(y) = 1, so v(x) < u(y). 


m 
af v 
er 


(2 
(3 
(4 
(5 
(6 
(7 
(8 


) Ker 
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(3) Since by (VT2), vv(x) < v(x), taking into consideration (VT3) we get vv(x) = v(x). 

(4) If v(x) < y, then v(x) = vv(x) < v(y). Conversely, from v(x) < u(y) and (VT2) we get 
v(x) S vy) Sy. 

(5) If y € Im (v), there exists x € A such that v(x) = y. Then by (3), u(y) = vv(y) = vvv(x) = 

v(x) = y, soy € {x € A| v(x) = x} = Fix(v). It follows that Im(v) C Fix(v). Since the 

converse is obvious, we get Im (v) = Fix (v). 

(6) Let x € A. Since A = Im(v), there exists x’ € A such that x = v(2’). 

Hence v(x) = vv(2’) = v(2') = x. Thus v = Ida. 

(7) Let x € Ker (v), that is v(#) = 1. It follows that 1 = v(x) < a, that is x = 1. 

Hence Ker (v) = {1}. 

(8) Let x,y € A such that z,2 > y € Ker (v), that is v(x) = v(a > y) = 1. 

Since 1 = v(x > y) < v(x) > v(y) = 1 v(y) = v(y), we get v(y) = 1, so y € Ker (v). 

Thus Ker (v) € DS(A). 


Let (A,v) be a very true bounded pseudo-BCK algebra. Define s1,s2 : A —> A, by 
81(x) = v(a_)™, s2(x) = v(a™)-, for all x € A. 


Proposition 4.5. Let (A,v) be a very true bounded pseudo-BCK algebra. Then the following 
hold for alla,yEeA: 

(1) s1(0) = s2(0) = 0; 

(2) x < s1(x) and x < s9(zx); 

(3) x <y implies s1(x) < s1(y) and s9(x) < sa(y); 

(4) 5151(@) = s(x) and s89(x) = so(zx). 


Proof. (1) It is obvious. 
(2) It follows from Proposition [3.6[5). 
(3) From x < y we have y" < x, hence u(y) < v(x_). It follows that v(x~)~ < u(y-)*, 
that is s1(x) < si(y). Similarly s(x) < so(y). 
(4) For all x € A, we have: 

$181(2) = s1(v(2~)~) = (v((o(a~))~))* = (oa). 
From vu(z~) < (v(a~))~~ we get vu(z—) < v((v(a~))~7), hence v(x) < u((v(a7))~7). 
It follows that: 

s1(2) = (va > (v((v(@-))"-))” = s181(2). 
On the other hand, by (2), s1(x) < s151(x), hence s,s)(a) = s1(2). 
Similarly s2s9(x) = so(z). 


Remark 4.6. By Proposition [4.5(2),(3),(4), $1, 52 € CLO(A). 


Example 4.7. Let (A,—,~»,1) be the pseudo-BCK algebra from Example [2.5] and the maps 
u,: A—> A, i=1,2,3,4, given in the table below: 


Then VT O(A) = {v1, U2, U3; ug}. 
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Remark 4.8. In any pseudo-BCK algebra A, VTO(A) C INTO(A). As we can see in Exam- 
ples [4.7] and VTO(A) 4INTO(A). 


Theorem 4.9. Let A be a pseudo-BCK algebra and let v1, v2 € VT O(A). If Im (v1) = Im (v2), 
then v1 = v2. 


Proof. According to Proposition [4.4{5) we have Fix (v,) = Fix (v2) and applying Theorem 
it follows that v1 = vo. 


Theorem 4.10. Let A be pseudo-BCK algebra and v1,v2 € VT O(A). Then vi 0v2 € VT O(A) 
if and only if vy 0 vg = v2 OV}. 


Proof. Let v1,v2 € VT O(A) such that vj ove € VT O(A). According to Remark [4.8] we have 
vy 0 v2 € INT O(A) and applying Theorem B.4]it follows that v1 0 vg = v2 0 Uy. 
Conversely, let v1, v2 € VT O(A) such that v1 0 vg = v2 0 vy and let v = v1 0 vg = U2 OV}. 
By Theorem B.4] v € INTO(A), that is v satisfies (VT2) and (VT3). Obviously v(1) = 1, 
hence v satisfies (VT). Since v1 and v2 satisfy (V7T,) we have: 

v(x + y) = v1 (v2(x > y)) S v1(v2(z) > ve2(y)) 

< v1 (v2(x)) > v1 (v2(y)) = v(x) > v(y). 

Similarly u(a@ ~» y) < u(x) ~ v(y), that is v satisfies (VT). Hence v € VT O(A). 


Example 4.11. Let (A,—,~»,1) be the pseudo-BCK algebra from Example|f.7 with VT O(A) = 


{v1, V2, 03, v4}. One can easily check that v1 ov, = v20v1 = v1 € VT O(A), while vgovg Z v20U4 
and v4 0 vg € VT O(A). 


Proposition 4.12. Let (A,—,~»,0,1) be a good pseudo-BCK algebra satisfying Glivenko 
property and let v € VTO(A). Define « : Reg(A) — Reg(A) by 0 = v(x)~~. Then 
o € VT O(Reg (A)). 


Proof. According to Proposition 3.7] 0 satisfies (VT2) and (VT3). 
Obviously 1 = 1, hence (V7) is also verified. 
Since A has Glivenko property and v € V7 O(A), we have: 
ve > y) =v(@ > y)~ < (2) > vy) ~ = (a) ~ > vy) ~ = O(z) > O(y). 
Similarly o(a ~» y) < 0(x) ~ O(y), thus @ satisfies (VT). Hence « € V7 O(Reg (A)). 


Proposition 4.13. Let (A,—,~»,0,1) be a good pseudo-BCK algebra satisfying Glivenko 
property and let v € VTO(A). Define 0 : A/Den(A) —> A/Den(A) by O([z]pen(a)) = 
[u(@)]Den (a). Then 0 € VTO(A/Den (A)). 


Proof. By Proposition 3.8] 0 is well defined and it satisfies (VT>) and (V73). 
Clearly @((1}pen(4)) = [1]pen (a); that is (VT) . For any z,y € A we have: 
([@]Den(A) > [ylDen(4)) = O([@ > YlDen (Ay) = [v(@ > Y)|Den (A) 

< [(v(x) > v(y))IDen (4) = [v(@) Den (4)  [(Y) Den (4) 
= 0([]pen(4)) > O([ylDen (A); 

Similarly O([z]Den (A) [ylDen (A)) < 0([z]Den (A)) ond O([ylDen (A)), hence (VT4) is satisfied. 

We conclude that « € VT O(A/Den (A)). 

In order to study the truth-depressing hedges on BL-algebras, Vychodil ({27]|) introduced 
the BLyz,s¢ algebra extending a very true BL-algebra (A, A, V,©,—,v,0,1) by an additional 
unary operator s: A —> A satisfying the following conditions, for all x,y € A: 
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(si) s(0) = 0; 

(so) @ < s(x); 

(s3) v(x > y) < s(x) > s(y). 

The operator s is called a truth-depressing hedge associated with v. 

Similarly, we can define the pseudo-BCK,;,.¢ algebra extending a very true bounded pseudo- 
BCK algebra (A, >, ~»,v,0,1) by two additional unary operators. 


Definition 4.14. A pseudo-BCKy1,5: algebra is a very true bounded pseudo-BCK algebra 
(A,,~»,v,0,1) endowed with two unary operators $1,582: A —> A satisfying the following 
conditions, for alla,yEA: 

(ST1) 81(0) = s2(0) = 0; 

(ST2) x < s1(x) and x < so(zx); 

(ST3) v(x > y) < s1(z) > si(y) and v(x ~ y) < s2(x) ~ sa(y). 


The pseudo-BCK,z,¢ will be denoted by (A, >, ~», v, 51, 52,0, 1), and 51, sg are called truth- 
depressing hedges associated with v 


Theorem 4.15. Let (A,v) be a very true bounded pseudo-BCK algebra. Define 81, 52 : A — 
A, by s1(x) = v(a~)~, se(a) = v(x), for alla € A. Then (A,->,~»,v, 81, 82,0,1) is a 
bounded pseudo-BCK,t,s¢ algebra. 


Proof. According to Proposition $1, 52 satisfy the conditions (ST,), (S72). Applying 
twice Proposition 2.3(9) we get: 
u(z—y) Svy ~~ a7) Svly”) » v(ax~) < u(a)~ > vy) = 81(z) > si(y) 
v(m y) S u(y~ 4 &) < o(y™) > U(@™) < v(@™)~ ~» (y~)” = S0(z) » saly), 
that is (ST3). Hence (A, >, ~, v, $1, 52,0, 1) is a bounded pseudo-BCK,4,s¢ algebra. 


Pseudo-valuations on a pseudo-BCK algebra A were defined in [7] as real-valued functions 
yp: A — R satisfying the conditions: 
(poi) p(1) = 0; 
(pv2) p(y) — p(x) < min{y(z > y), op(x ~ y)} for all z,y € A. 
A pseudo-valuation y is said to be a valuation if it satisfies the condition: 
(pv3) v(x) = 0 implies x = 1 for all x € A. 
Denote PY(A) the set of all pseudo-valuations on A. 
If y € PY(A), then the following hold for all x,y € A: 
(pv) v(x) > p(y), whenever x < y (q is order reversing); 
(pus) p(#) 2 0. 


Theorem 4.16. Let A be a pseudo-BCK algebra and let v € VTO(A). If y € PV(A), then 
Py =povEe PV(A). 


Proof. Obviuosly yy(1) = y(v(1)) = v(1) = 0, so Yy satisfies (pv). 

Since by (V7T4) and (pv4) we have y(u(xz) > v(y)) < ylv(a > y)) and y(u(xz) ~» v(y)) < 

p(v(a ~ y)), applying (pv2) we get: 

Yuly) — Pu(x) = p(v(y)) — p(v(z)) < min{y(v(z) > v(y)), p(o(z) ~ v(y))} 

< min{p(u(x > y)), p(u(x ~~ y))} 
=min{yov(r > y), pov(z ~» y)} 
=min{~»(z > y), Yo(z ~ y)}, 

for all x,y € A, that is (pve). Hence yy € PV(A). 
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5. VERY TRUE DEDUCTIVE SYSTEMS AND VERY TRUE PSEUDO-BCK HOMOMORPHISMS 


We define the very true deductive systems of a very true pseudo-BCK algebra (A,v) and 
we prove that the congruences of (A, v) coincide with the congruences of A. We also introduce 
the notion of a very true homomorphism and we investigate their properties. Given a normal 
vu-deductive system of a very true pseudo-BCK algebra (A, v) we construct a very true operator 
on the quotient pseudo-BCK algebra A/H. Given two very true pseudo-BCK algebras (A, v) 
and (B,u) and w a very true homomorphism we prove that the image of a very true subalgebra 
of A is a very true subalgebra of B and the kernel of w is a very true deductive system of A. 
If moreover w is surjective, it is proved that the image of a very true deductive system of A is 
a very true deductive system of B. 


Definition 5.1. Let (A,v) be a very true pseudo-BCK algebra and let D € DS(A). Then D 
is called a v-deductive system of A if v(D) C D. If D € DSp(A) such that v(D) C D, then 
D is called a normal v-deductive system of A. 


Denote DS’(A) the set of all v-deductive systems of A and DS? (A) the set of all normal 
v-deductive systems of A. 


Remark 5.2. {1}, A, Ker (v) € DS*(A), for all v €E VTO(A). 


Example 5.3. Let (A,->,~»,1) be the pseudo-BCK algebra from Example|f.7 with VT O(A) = 
{v1, U2, 03, v4}. We have DS(A) = {{1},{1,b}, A}. One can easily see that DS*!(A) = 
DS"4(A) = {{1}, A} and DS” (A) = DS"3(A) = DS(A). 


Theorem 5.4. Let (A,v) be a very true pseudo-BCK algebra and let H € DS}(A). Define 
6: A/H — A/H by 0([z]z) = [v(x)| x, for alla ce A. Then td © VTO(A/H). 


Proof. If [x] = [y]y, then x > y,y > «x € H, hence v(x > 2), v(y > x) € H. By (VT) we 
get u(x) > v(y), v(y) > v(x) € A, that is [v(x)]q7 = [v(y)]z, hence & is well defined. 
Clearly 6((1J#) = [vQ)|a = [le and O((z]z7) = [v(x)]a < [a], hence 6 satisfies (VT,) and 
(VT>). For all x € A we have: 

d0([t]z) = 6([u(@)|z) = [vo(@) a = [o(@)|a = O([z]x), 
so (V7T3) is verified. Finaly, for all z,y € A we have: 

(ela > [yla) = O([e > yl) = [V(@ > ya S [o(@) > oy) 

= [o(2)]a > [o(lyle = O(le]e) > O(ly]z). 

Similarly o([2]q7 ~ [y]a) < o([x] 7) ~ O([y]a, thus (VT4) holds. Hence 6 € VT O(A/H). 


Proposition 5.5. The congruences on a very true pseudo-BCK algebra (A,v) coincide with 
the congruences of A. 


Proof. Let 6 € CON(A). There is a one-to-one correspondence between CON (A) and DS,,(A). 
Let H € DS,(A) and let (x,y) € 0n, that is rc — y,y ~ « © FH. It follows that v(x > 
y),v(y > 2) € H. Since v(x > y) < v(x) > v(y) and v(y > x) < v(y) > v(2), we get 
v(x) > v(y), v(y) > v(x) © A, that is (v(x), v(y)) € 04. Hence 69 € CON(A,v). 


Definition 5.6. Let (A,v) and (B,u) be very true pseudo-BCK algebras and let »: A —> B 
be a pseudo-BCK homomorphism. Then w is called a very true pseudo-BCK homomorphism 
if w(v(xz)) = u(v(a)), for all x € A. 
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Denote VHOM((A, v), (B, u)) the sets of all very pseudo-BCK homomorphisms from (A, v) 
to (B,u). For w € VHOM((A, v), (B,u)), Ker (Ww) = {x € A | w(x) = 1} is called the kernel 
of w. 

Remark 5.7. If (A, v) is a very true pseudo-BCK algebra, then 14, [d4 € VHOM((A, v), (A, v)). 


Example 5.8. Let (A,->,~,e,1) be the bounded pseudo-BCK algebra from Example [2.6 and 
define the maps v5: A—> A, i=1,--- ,10 andy; : A— A, i =1,2,3 as in the tables below: 


x 


888 8&8 


8 8 8 & 


(x) 
(x) 
(x) 
(x) 
U5 (x) 
(x) 
(x) 
(x) 
(x) 


a 
TrArtnwseenrrsgeeea 
eT? AA SFSETA SS oai}ja 
ewAQa rare Qaea 
TRA DAMA DO BIO 


BSH T gnaarercraana dts 


ee ee 
ere r/S 
Qarta 
qaQFea 
Oo Oo FO 


Then: 

(1) VTO(A) = {u1,--+ , vio}; 

(2) HOM (A, A) = {¥1, Yo, v3}; 

(3) VHOM((A, ui), (A, vi) = {Y1, Ya}, 7= 1,--+ , 95 
(4) VHOM ((A, v10), (A, v10)) _ {W1, Ye, v3}. 


Theorem 5.9. Let (A,v) and (B,wu) be very true pseudo-BCK algebras and let 

wv € VHOM((A, v), (B,u)). Then the following hold: 

(1) if (A’,v) is a very true subalgebra of A, then (7(A’),u) is a very true subalgebra of B; 
(2) Ker (1)) € DSY(A); 

(3) if w is surjective and D € DS"(A), then w(D) € DS"(B); 

(4) if G € DS“(B), then w—1(G) € DS” (A). 


Proof. (1) Let A be a subalgebra of A. It is known that w(A’) is a subalgebra of B, so we 
prove that wu satisfies axioms (VT) — (V7): 
(VT) : ul) = ub) = YQ) = v1) = 1 
(VT2) : Let y € W(A’), so there exists 2 € A’ such that y = w(x). Then we have: 

u(y) = u((x)) = P(v(a)) < (2) =. 
(VT3) : uu(y) = uu(p(z)) = u(v(v(z))) = P(vo(z)) = Y(o(z)) = ul (z) = uly). 
(VT) : Let y1, yo € W(A’) and let 21,72 € A’ such that yy = W(a1) and y2 = (x2). 

uly > ye) = u(v(a1) > Y(x2)) = u(y (x1 > @2)) 

= V(u(41 > &2)) < P(v(2Z1) > v(%2) 


= V(v(21)) > P(v(w2)) = u(v(w1)) > u(y (w2)) 
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= u(yi) > u(ya). 
Similarly u(y ~ ye) < u(y1) ~ u(y2). Hence (~(A’), wu) is a very true subalgebra of B. 
(2) Clearly Ker (~) € DS(A). For any x € Ker (w), we have w(v(x)) = u(v(x)) = u(1) = 1, 
that is u(x) € Ker (q). Hence Ker (7) € DS”(A). Moreover: 
zy € Ker (wy) iff o(z > y) = 1 iff Ye) 9 oy) = 1 

iff Y(x) < p(y) iff P(x) » vy) = Lif y(@~y)=1 

iff x ~~» y € Ker (y). 
It follows that Ker (=) € DS? (A). 
(3) Let D € DS*(A). One can easily check that, if w is surjective then 7(D) € DS(B). 
Let y € w(D) and x € D such that v(x) = y. By hypothesis, v(x) € D, so w(v(x)) € w(D). 
It follows that u(y) = u(v(z)) = Y(v(az)) € Y(D). Thus 7(D) € DS“(B). 
(4) Let G € DS“(B). It is not difficult to prove that ~1(G) € DS(A). Consider x € y1(G), 
so w(x) € G. It follows that u((x)) € G, hence w(v(x)) € G, that is v(x) € W1(G). 
We conclude that y~!(G) € DS”(A). 


Corollary 5.10. Let (A,v) and (B,u) be very true pseudo-BCK algebras and let 
wv € VHOM((A,v), (B,u)). Then the following hold: 

(1) p~"(Ker (u)) € DS” (A); 

(2) if w is surjective, then w(Ker (v)) € DS"(B). 


Proposition 5.11. Let (A,v) be a very true pseudo-BCK algebra and let H € DS} (A). 
Define 7: A — A/H by x(x) = [t|n andi: A/H — A/H by 0([z]H) = [v(a)|/H, for all 
x €A. Then the following hold: 

(1) Ker (a) = H; 

(2) 7 € VHOM((A,v), (A/H,8)); 
(3) m~!(Ker (6)) Cv *(H); 
(4) 


Proof. (1) It is obvious. 

(2) According to Theorem [5.4] 6 € VT O(A/H). Obviously 7 € HOM(A, A/H) and we have: 
r(u()) = [la] = 0((2]x2) = 0¢a()), 

for all x € A. Hence 7 € VHOM((A, v), (A/H, 6)). 

(3) Let 2 € +~!(Ker (6)), that is (x) € Ker (6). Then we have: 
r(u()) = 6(a(ae)) = 0(1) = [Ja 

hence v(x) € Ker (7) = H. It follows that x € v-!(H), thus 1~1(Ker ()) C v1 (A). 

(4) If y € 7(Ker (v)), then there exists x € Ker(v) such that (x) = y. We have: 
d(y) = O(n(a)) = r(v(@)) = w(1) = [Ja 

hence y € Ker (@). We conclude that (Ker (v)) C Ker (0). 


Theorem 5.12. Let (A,v) and (B,u) be very true pseudo-BCK algebras, and let 

v € VHOM ((A, v), (B,u)). Consider H € DS? (A) such that H C Ker (w), and let 

tT E VHOM((A, v), (A/H,6)), 6 € VT O(A/HA), defined in Proposition[5.111 Then there exits 
a unique» € VHOM((A/H, 6), (B,u)) such that the following diagram is commutative. 
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~ 
(A, v) 


(B,u) 


(A/H, 6) 
Moreover Im (7) = Im (w) and Ker (w) = Ker (w)/H. 


Proof. Define p : A/H —> B, by W([2]q) = Y(x). Let x,y € A such that y € [2]y. It 
follows that x > y,y > « € H C Kery, that is 1 = v(a > y) = v(x) > Wy) and 
1=¢%(y > x) = p(y) > Y(x). Thus p(x) < oy) and Y(y) < Y(2), that is p(x) = Y(y). 
Hence w([z]) = U([y]z), so that w is well defined on A/H. 
Since y © VHOM((A, v), (B, u)), we have: 
VvO([z]a)) = V(e@)]a) = Y(e(@)) = uw) = uh ([2] 2), 
for all  € A. Hence w € VHOM((A/H, ¢),(B,u)) and obviously ~ om = wp. 
Suppose that there exists pp € VUOM((A/H, 6), (B,u)) with on = pon. It follows that 
w(r(x)) = w(r(x)), for all 2 € A. Since x is surjective, for any element y € A/H there exists 
a € A such that y = 1(x), hence p= w. 
We can see that: - 
Im (w) = {y € B | there exists [x]y € A/H,u([x]z) = y} 
= {y € B| there exists x € A, v(x) = y} 
= Im (W). ; ; 
Moreover, for all  € A we have: [x]/H € Ker (w) if and only if ~({z]#) = 1 if and only if 
w(x) = 1 if and only if x € Ker (w). Hence: 
Ker (a) = {[z]y € A/H | x € Ker (w)} = Ker (w)/H. 


Corollary 5.13. Let (A,v) and (B,u) be very true pseudo-BCK algebras, and let 
wv € VHOM((A,v),(B,u)). Then there exists a very true pseudo-BCK isomorphism between 
(A/Ker (#),v) and (Im (¢), u). 


Proof. Taking H = Ker (w) and B = Im(w) in Theorem [5.1] it follows that w is a very true 
isomorphism between (A/Ker (7), v) and (Im (2), u). 


6. VERY TRUE OPERATORS ON CLASSES OF PSEUDO-BCK ALGEBRAS 


In this section we investigate the very true operators on some classes of pseudo-BCK algebras 
such as pseudo-BCK(pP) algebras, FL,,-algebras, pseudo-MTL algebras. We define the Q- 
Smarandache pseudo-BCK algebras and we introduce the notion of a very true operator on 
(@-Smarandache pseudo-BCK algebras. Given a Q-Smarandache pseudo-BCK algebra A and 
a very true operator v on A, we prove that the restriction of v to Q is a very true operator on 
Q. Let us denote: 

PSBCK — the class of pseudo-BCK algebras 
psBCK(pP) — the class of pseudo-BCK(pP) algebras 
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Fly — the class of FL,,-algebras = the class of bounded pseudo-BCK(pP) algebras 
psMTL — the class of pseudo-MTL algebras 
divRL — the class of divisible residuated lattices (Ré-monoids) 
psBL — the class of pseudo-BL algebras 
psMV — the class of pseudo-MV algebras 
The relationship between these structures can be represented as follows: 
psBCK 
psBCK(pP) 
Fly 
psMTL divRL 
psBL 
psMYV 


Proposition 6.1. Let (A,v) be a very true pseudo-BCK(pP) algebra. Then the following hold 
for alla,y,zE€A: 

(1) ifxOy <z then v(x) © v(y) < v(z); 

(2) v(x) © v(y) < v(x Oy); 

(3) v(x > y) < v(x) > (v(z) > v[y)) and v(x ~» y) < u(x) ~ (v(z) ~ v(y)). 


Proof. (1) From zOy < z we have x < y > z, so v(x) < v(y) > v(z), that is v(x)Ov(y) < v(z). 
(2) It follows from (1) for z=xO©y. 
(3) Since by Lemma 2.9 tx > y< ro (yo z)andrmwy< urn (yr 2), 2y,2 € A, 
applying (VT,) and Proposition [2.2(3) we get: 
v(x > y) S v(x) > v(z > y) S v(x) > (v(z) > v(y)), 
u(x ~ y) S u(x) ~ o(z > y) S v(x) ~ (v(z) ~» v{y)). 


Proposition 6.2. In any very true pseudo-BCK(pP) algebra (A,v), condition (VT4) is equiv- 
alent to condition: 

(VTy) va + y) < v(x) + (v(2) 4 oy) and u(x ~ y) < v(e)  (o(2) » vty), 

for alla,y,z€ A. 


Proof. Suppose that condition (VT) holds and let x,y € A, hence by Proposition [6.1{3) 
condition (VT\’) is satisfied. Conversely, if (V7Tj') is satisfied, then taking z := 1 we get 
(V4). 


Proposition 6.3. In any very true pseudo-BCK(pP) algebra (A,v), condition (VT4) is equiv- 
alent to condition: 
(VT4") v(x) © u(y) < v(x © y), for all zy € A. 


Proof. Suppose that condition (VT) holds and let z,y € A. From rt Oy < x ©y we have 
y<«x~ax@y and applying (VT) we get v(y) < v(a@ ~~ e Oy) < v(x) ~ v(x Oy). 
Hence v(x) © u(y) < v(x# © y). 
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Conversely, if (VT,") is satisfied, from rx > y < x > y we have (rx > y) © < y, thus 
v(x > y) © v(x) < v((a# > y) Oz) < v(y), that is v(@ > y) < v(x) > v(y). 
Similarly v(x ~» y) < v(x) ~ v(y). 


Definition 6.4. Let (A,A,V,©,—,~»,0,1) be a FLy-algebra. A mapping v : A — A is 
called a very true operator on A if it satisfies condtitions (VT,) — (VI) and the following 
condition, for allx,yE A: 

(VT5) v(x Vy) < v(x) V u(y). 


Proposition 6.5. Let (A,v) be a very true FLy-algebra. Then the following hold for all 
LZyYCA: 

(1) v(x 4 y) © v(a) < v(@ Ay) S v(x) Av(y) and u(x) © u(x ~» y) S v(@ Ay) < v(x) A v(y); 
(2) v(x Vy) = u(x) V v(y). 


Proof. (1) Since (1& > y) Oz 
u(x + y) © v(x) 
Similarly v(x) © v(x ~» y 
(2) From v(x), u(y) < v(x 
u(x V y) = v(x) V v(y). 


Proposition 6.6. In any very true pseudo-MTL algebra (A,v), condition (VT5) is equivalent 
to condition: 
(VT5') v(a > y) Vvo(y > &) =1 and v(a ~» y) V o(y ~ x) = 1, for all z,y € A. 


Proof. Suppose that condition (V75’) holds and let z,y € A. Applying Lemmas [2.9{5),(4) 
and 2.2(3), we get: 
u(x V y) 


x Ay, applying Proposition [6.1(2) we have: 

v((z > y) Ox) S v(@Ay) < v(x) Av(y). 

v(x Ay) < v(x) Av(y). 

y) we get v(x) V v(y) < v(a Vy). Applying (VT5) it follows that 


< (u(x > y) » v(y)) AC 
< (v(x > y) ~» (v(x) Vv 
=(v(r4 9 y) Vo(y> 2a 
=1~ (v(x) Vv(y)) = 
Hence v(x V y) = v(x) V u(y), that is (VT5). 
Conversely, if (V7) is satisfied, then: 
v(x + y) Vly > x) = v((@ > y) 
Ut 9) Voy» 2) = v((@ ~ y) 
hence (VT;) is verified. 


Theorem 6.7. A very true FL,,-algebra (A,v) satisfies (VT5') if and only if A is a pseudo- 
MTL algebra. 


V 
V 


Proof. Let (A,v) be a very true FL,,-algebra satisfying (VTs) and suppose that A is not a 
pseudo-MTL algebra. It follows that there exists x,y € A such that (x > y) V(y > 2) <1 
or (t~ y)V(yrwez) <1. If(t@ > y)V(y > 2) < 1, then v(x — y) Voly 9 2) < (2 OF 
y) V (y > x) < 1, which is in contradiction to (VTS). Similarly for (2 ~ y) V (y ~ 2) <1, 
hence A is a pseudo-MTL algebra. Conversely, if (A,v) is a very true pseudo-MTL algebra, 
then according to Proposition [6.6] VT) holds. 


Theorem 6.8. Let (A,A,V,©,—,~%,0,1) be a FLy-algebra. Then the following are equiva- 
lent: 
(a) A is a pseudo-MV algebra; 
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(b) for any v € VT O(A) the following identities hold: 
o(a Vy) = (v(a) > v(y)) » oy) = (o(2) ~» vy) > oy), 
for all x,y € A. 


Proof. (a) = (b) If A is a pseudo-MV algebra, then we have x Vy = (x@ 9 y) wy =(a~r 
y) > y, for all x,y € A. Applying Proposition [6.5{2) we get u(x Vy) = u(x) V u(y) = (v(x) > 
u(y)) ~ u(y) = (v(x) ~» v(y)) > v{y). 
(b) = (a) Suppose that the identities: 

v(x Vy) = (u(x) > v(y)) ~ v(y) = (v(x) » v(y)) > vy) 
are satisfied for any v € V7 O(A). Taking v := Id, we get rVy = (@ > yy) ~ y=(a~y)>Yy, 
for all x,y € A. Hence A is a pseudo-MV algebra. 


Generally, in any human field, a Smarandache structure on a set A means a weak structure 

W on A such that there exists a proper subset B of A which is embedded with a strong 
structure S (see [13}). 
If A is a set endowed with a structure W of a pseudo-BCK algebra, then B is a subset of A 
endowed with a structure S which can be any of the above mentioned structures: psBCK(pP), 
FL,,, psMTL, divRL, psBL or psMV-algebra. In this section we will consider a subset B of A 
endowed with a structure of a pseudo-MTL algebra. 


Definition 6.9. A bounded pseudo-BCK algebra (A, >, ~~, 0,1) is said to be a Q-Smarandache 
pseudo-BCK algebra if there is a proper subset Q of A satisfying the following conditions: 
(S1) 0,1 € Q and |Q| > 3; 

(S2) (Q,A,V,©,,~, 0,1) ts a pseudo-MTL algebra. 


Definition 6.10. Let A be a Q-Smarandache pseudo-BCK algebra. A mapping v: A — A is 
called a very true Q-Smarandache operator if vs = yg : Q@ — Q is a very true pseudo-MTL 
operator. The pair (A,v) is called a very true Q-Smarandache pseudo-BCK algebra. 


Denote SVT Og(A) the set of all very true Q-Smarandache operators on a Q-Smarandache 
pseudo-BCK algebra A. 


Proposition 6.11. Let A be a linearly ordered Q-Smarandache pseudo-BCK algebra. If v € 
VT O(A), then vg € SVT OQ(A). 


Proof. Let v € VTO(A). It is well known that a linearly ordered (A,<) is a lattice. More- 
over, according to [12], every linearly ordered pseudo-BCK algebra is a pseudo-BCK(pP) 
algebra satisfying the prelinearity condition. Hence v satisfies condition (VI,), that is vig € 
SVT OQ(A). 


Proposition 6.12. Let Q; and Q2 be pseudo-MTL algebras such that Q, C Q2 C A. Then 
SVT Og.(A) C SVT OQ, (A). 


Proof. It is straightforward. 
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Example 6.13. Consider the set A = {0,a,b,c,d,1} and the operations >,~» given by the 
following tables: 


>!0 a bed ti : 
O;1 1£11éi1éi4di 
a/0O 11t1e41 Cc 
6/0 611 ec¢1 b 
e|0 6b b 1 e¢ 1 d 
d|}0 bb111 
1/0 a bedi 

Then (A,—-,~»,0,1) ts a bounded pseudo-BCK algebra (see Hx. 3.1.4] ). 


Define the maps vu; : A —> A, i = 1,2,3,4,5 as in the table below: 


x 0 abed iti 
m(ay)|0.0 0 0 0 1 
ve(z) |0 0 0 ¢ d i 
u3(z) |0 0 0 d dil 
v4(z)|0 a acd i 
wule)|G a 6 ¢ d i 


One can easily check that VTO(A) = {v1, v2, v3, U4, Us }- 
Consider Q = {0,c,d,1} C A. We can see that (Q,<) is linearly ordered, so it is a lattice. 
Then (Q,A,V,©,—,~%,0,1) is a pseudo-MTL algebra, where © is given in the table below. 


©|/0 ¢ dil 
0;0 0 0 O 
d|0 dde 
c!0 ddd 
1/0 c¢c dil 


We have SVTOQ(A) = {v}, 09,03}, with vj, v5, v3 from the table above. 
Obviously v', = Viigs Vs V9 = V4ig = UBig v3 = Usigs 


7. CONCLUSIONS 


In this paper we generalized to the case of pseudo-BCK algebras the notions and results 
of very true operators which have been proved for other fuzzy logic algebras such as MV- 
algebras, effect algebras, R¢-monoids, MTL-algebras, residuated lattices and equality algebras. 
As another direction of research, one could extend these results to the case of more general 
algebras of fuzzy logic, such as pseudo-BE algebras ({[2]) and pseudo-Cl algebras ([25]). 
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